' DOCUMENT RESUME - I . .

~ ED 221 347 ¢ . ‘ o . SE 035 017
- AUTHOR . Thompson, Maynard And Others
TITLE * Experiences in Problem Solv1ng. Mathematlcs-Methods
3 Program Unit. - : - -
INSTITUTION, ‘Indiana Univ., Bloom1ngton. Mathematlcs Educatlon : -
e ' Development Center, -
- SPONS AGENC “National® Science Foundation, Washlngton, D.C. )
“REPORT NO 7  1SBN-0-201-14628-2
~PUB DATE - 76 .
GRANT : NSF-GY-9293 -
NOTE? ' " 62p.; For related documents, seefSE 035 006 018
EDRS PRICE MF01l Plus Postage. PC Not Available from EDRS. .
DESCRIPTORS *College Mathematics; Elementary Education; :

*Elementary School Mathematics; Elementary School
Teachers; Higher Education; Instructional Materials;
Learning Activities; Mathematical Concepts;
*Mathematics Instruction; *Preseryice Teacher
Education; *Problem Solving; Supplementary Readlng
. . Materials; Textbooks- Undergraduate Study:;
~  Workbooks
IDENTIFIERS *Mathematics Methods Program
ABSTRACT e : ‘ .
-~ ~ This un1t is 1 of 12 developed for the un1vers1ty
c1assroom portion of the Mathematics—Methods Program (MMP), created
by the Indiana Un1vers1ty Mathematics ‘Education Development Center .
.(MEPC) as an innovative program for the mathematics training of
prospective elementary school teachers (PSTs). Each unit is wr1tten
in an activity format that involves the PST in doing ‘mathematids with
an eye toward appllcatlon of that mathematics in the elementary N
. school. This document is one of four units that are devoted to o /
mathematical topics for- the elementary teacher.’ In addition, to an
introduction to the unit and some. perspgctlves on problem solv1ng, ,
the text has six activity sect1ons titled: In Search'of a Strategy;
- Looking for Another Strategy; To Find a Third Strategy, Now Try Your
Hand; Reflection 'on Your Experlences' and Helplng Children Solve
Problems. (MP) i

o

° ™ - ..
' v B . ) , \
. , ~

*******t*********************************************t*****************

* Reproductions supplied by EDRS 'are the best that can be made: *

* : from the or1gxna1 document. *
**************************************%****#***************************

T \ Yy " ' . » ’ 4.




o | Expene'mesg&'a ‘("7‘:‘_'
g PROBLEM SOVING - - -

U.S. OEPARTMENT OF EOUCATION
NATIONAL INSTITUTE OF EDUCATION .

/JCATIONAL RESOURCES INFORMATION -
T

CENTER (GRIC)

his document has been reproduced as. ’

received hom the
ongmnmg it,.

{3 Mhor chlngosg}ava be#n made-to improve .

vepvoducnon qualny

person Of organization

.a_Poihts of view of opinions stated in |h|s docu _
ment do not necessanly represent ofticial NIE
position of policy.

..E02213£7f

MATERIAL IN MICROFICHE ONLY
HAS BEEN GRANTED BY ‘

NTenAL SCIENE E FouNDATe
. ADDISop)-WESLEY -
[

TO THE EDUCATIONAL RESOURCES
INFORMATION CENTER (ERIC) "o

N

~

_. | - Mathematim—Methods Program
‘ ‘ ‘ units written under the direction of \ :
E ‘, John F. LeBlaﬁc or Donald R. Ker, Jr.or c

. Maynard Thompson - 5 | o




'MATHEMATICS =~ ‘
EDUCATION DEVELOPMENT CENTER

jINDIANA »UNIVEBSITY o 1

. . g '
, JohnF. LeBlanc, Director . ) ' ‘

Donald R:Kerr, Jr., Assistant Director ' ; / !
The followingi isa list of faculty and project associates who have contnbuted tothe development v
: of the Mathematics-Methods Program. .
N
' ’ z
Mathematics Education o K ‘ Mathematics Facuity
Faculy | George Springer, .
Frank K. Lester, Jr. : f:o-e;;‘nndpal .
Sally H. Thomas ‘ nuestigator . :
: PaufR'. Trafton . A Billy E. Rhoades ‘ ¥
. Ronald C. Welch . Maynard Thompson
.- Project Aesodates — | ' Project Associates — ' 1
Mathematics Education Mathematics ';
Gertrude R. Croke T Glenn M. Carver |
Carol A. Dodd-Thornton ' A. Carroll Delaney ,
Nancy C. Fisher , A . AlfredL. LaTendresse |
Fadia F. Harik ‘ Bemice K. O'Brien |
Kathleen M. Hart V! . Robert F. Olin |
Tom S, Hudson ' ~Susan M. Sanders |
Calvin J. Nohs " j Barbara D. Sehr
Graham A. Jones Karen R. Thelen . l
Charles E. Lamb , Richard D. Troxel. .
Richard A. Lesh . Karen S. Wade
Barbara E. Moses Caﬂef S. Warfield
Geraldine N. Rossi ~ Lynnette O: Womble
Thomas L. Schroeder j
° Carol L: Wadsworth ' Resource Teacher |
, Barbara E. Weller ' . . Marilyn Hall Jacobson
“+Larry E, Wheeler . : :
. ! Continued on in;lde back cover ) ' ]




EXPERIENCES
’ ‘IN PROBLEM sowme

Written under the direction of
MAYNA}RD THOMPSON *

< -




 EXPERIENCES
IN PROBLEM SOLVING

MAYNARD THOMPSON

Substantlal contributors

“ . -"JOHN F. LEBLANC R
| . DONALD R. KERR,JR. -

Tom S. Hudson

¢

“d

STy
ADDISON-WESLEY PUBLISHING COMPANY

. Reading, Massachusetts Menlo Park, California
‘ London - Amsterdam - Don Mills, Ontario « Sydney

g




Wt

"This book is in the v S 1
- ADDISON-WESLEY SERIES IN MATHEMATICS N

, The preparation of this book-was supported by National Science

Foundation Grant #GY-9293. However, the opinfons, findings,
conclusions or recommendations expressed herein are those of the
authors and do not necessarily reflect the views of the National
Science Foundation. Except for the rights to material reserved

by others, the publisher and copyright owner will grant permission
without charge for use of this work and related material in the

English language after December 31, ,1981. For conditions of use

and permission to use materials contained herein for foreign. ,
publications in other than the English language, apply to either .
the publisher or the copyright owner. Publication pursuant to

such permission shall contain the statement: "Some (a11) of the °

‘materials incorporated in this work were developed with the

financial support of the National Science Foundation. Any opinions,
findings, conclusions or recommendations expressed herein do not -
necessarily reflect the views of the National Science Foundatiop."

| “'

-

=y

Reprbduced by Addison-Wesiey from camera-reédy copy supplied By
the authors. .

~

~

Copyright © 1976 by Indfana University Foundation. Philippines
copyright 1976 by Indiana University Foundation.

A1l rights reserved. No part.of this publication may be reproduced,
stored in a retrieval system, or transmitted, in any form or by .any
means, electronic, mechanical, photocopying, recording, or otherwise,
without the prior written permission of the copyright owner or the
publisher. Printed in the United States of America. Published
simultaneously in Canada. .

1SBN 0.201-14878 7 \ -
ABCOEFGHIJAL 10878




' : '. . " :
‘ ’ s
o '
.

» T

The Mathematics-Methods Program (MMP) has been developed by the
Indiana University Mathematics Education Development Center (MEDC)
during the years 1971-75. The development of the MMP was funded by
the UPSTEP, progranm of the National Science Foundation, with the goa1
of producing an innovative program for the mathematics training of .
prospective elementary sch001 teachers (PSTs).

‘ * The primary features of the MMP are:

[ ]

It combines the mathematics training and the methods training of
PSTs. ‘ .

e It promotes a hands-on, laboratory approach to teaching in’which

- PSTs learn mathematics and methods by doing rather than by lis-

tening, taking notes or memorizing '

e It involves ‘the PST in using techniques and materials that are
appropriate. for use with chiidren

e It focuses on the real-world mathematical concerns,of children
and the real-world mathematical and pedagogical concerns of
PSTs.

The MMP, as developed at the MEDC, involvesta university class-

room component and a related pubiic school teaching component. The'
wuniversity ciassroom component combines the mathematics content

‘courses and methods courses normaily taken by PSTs"while the public

- school teaching component provides the PST with a chance to gain ex-

‘ perience with children and insight into their mathematical thinking.




A model has been developed for the implementation of the public
school teaching component of the MMP. Materials have begn<deve19ped
__for_the university classroom portion of the MMP. These include 12
instructiondl ynits with the following titles: . -

. Numeration | .
%ddition and Subtraction . : -
~ Multiplication and Division
, Rational Numbers with Integers and Reals

Awareness Geomet;y

Transformatiorial Geometry ' .

Analysis of. Shapes L

Measurement

Number Theory

Probability and Statistics

Graphs: the Picturing.of Information - -
. Experiences in Problem Solving

4

These ynits are written in an activity format that involves the PST
in doing .mathematics with an eye toward the application of that math-
ematics in the elemenfary school.” The units are almost entirely in-
dependent of dne another, and any selection of them can be done, in
any‘order. It is worth noting that the first four units listed per-
tain to the basic pumber work in the elementary school; the second
four to the geometry of the elementary school; and the fihal four to
mathematical topics for the elementary teacher. .

_ For purposes of formative evaluation and dissemination, the MMP
has been field-tested at over 40 colleges and universities. The
field implementatton formats have variéd widely. Theyuinc1uQe the
foliowing: ‘ )

.

]

e Use in mathematics.department as the mathematics content pro-
gram, or as a portion of that program; o,

e Use in the education school as the methods program,.or as a por- .

a

tion of that program, ° v
e Combined mathematdics content and methods program taught in

- . 2
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either the mathematics departmént. or the education school, or
jointly; '
e Any of the above, with or without the public¢ school teaching ex-

Fl

perience.

Common to most of the field implementations wé; a.small-group
format for the dniversity classroom experience and an emphasis on the
use of Concrete materials. The various centers that have impfémented
all or part of the MMP have made a number of suggestionsifor change,
many of which are reflected in the final form of the program. Tt s
fair to say that there has been a geﬁera] feeling of satisfaction
with, and enthusiasm for, MMP from those who have been involved in

~ field-testing.

A list 'of the field-test centers of the MMP is as follows:

ALVIN JUNTIOR COLLEGE
A]yin. Texas

BLUE MOUNTAIN COMMUNITY COLLEGE
Pendleton, Oregon ’

BOISE STATE UNIVERSITY
Boise, Idaho

BRIDGEWATER COLLEGE
Bridgewater, Virginia

“ CALTFORNIA STATE UNIVERSITY,
“CHICO

CALIFORNIA STATE*UNIVERSITY,
NORTHRIDGE

CLARKE COLLEGE
Dubuque, lowa -

UNIVERSITY OF COLORADO
Boulder, Cbdlorado

"UNIVERSITY OF COLORADO AT
DENVER

CONCORDIA TEACHERS COLLEGE
River Forest, I11inois-

I3

GRAMBLING STATE UNIVERSITY
Grambling, Louisiana

ILLINOIS STATE UNIVERSITY i
Normal, [7linois *

INDIANA STATE UNIVERSITY
EVANSVILLE

INDIANA STATE UNIVERSITY
Terre Haute, Indiana

INDIANA UNIVERSITY
Bloomington, Indiana

INDIANA UNIVERSITY NORTHWEST
Gary, Indiana

MACALESTER COLLEGE
St. Paul, Minnesota :

UNIVERSITY OF MAINE AT FARMINGTON

 UNIVERSITY OF MAINE AT PORTLAND-
GORHAM ‘

THE UNIVERSITY OF MANITOBA
Winnipeg, Manitoba, CANADA

-
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MICHIGAN STATE UNIVERSITY @

East Lansing, Michigan

UNIVERSITY OF NORTHERN IONA .
Cedar Falls, Iowa

NORTHERN MICHIGAN UNIVERSITY
Marquette, Michigan

© NORTHWEST MISSOURI STATE

UNIVERSITY
Maryville, Missouri

NORTHWESTERN UNIVERSITY
Evanston, I11inois

OAKLAND CITY COLLEGE
Oakland City, Indiana

UNIVERSITY OF OREGON
Eugene, Oregon

RHODE ISLAND COLLEGE
Providence, Rhode Island

SAINT XAVIER COLLEGE
Chicago, I1linois

SAN DIEGO STATE UNIVERSITY
‘San Diego, California

SAN FRANCISCO STATE UNIVERSITY
San Francisco, California

SHELBY STATE COMMUNITY COLLEGE
Memphis, Tennessee

UNIVERSITY OF SOUTHERN MISSISSIPPI
Hattiesburg, Mississippi

SYRACUSE UNIVERSITY
Syracuse, New York

TEXAS SOUTHERN UNIVERSITY '
Houston, Texas

WALTERS STATE COMMUNITY COLLEGE
Morristown, Tennessee

WARTBURG COLLEGE
Waverly, Iowa

WESTERN MICHIGAN UNIVERSITY
Kalamazoo, Michigan

" WHITTIER COLLEGE
Whittier, California ~ -

UNIVERSITY OF NISCONSIN--RIVER
FALLS

UNIVERSITY OF NISCONSIN/STEVENS
POINT

THE UNIVERSITY OF WYOMING
Laramie, Wyoming
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® INTRODUCTION TO THE + -
, EXPERIENCES IN PROBLEM SOLVING UNIT

&

.
v .
.

Mathemat1ca1 problem solving is obv1ous1y 4mportant to mathemati-
cians, scientists, and engineers. In’ add1t1on to these individuals
for whom mathematics plays an important professional ro]e, many other
people are fascinated with mathematical problems and’ enjoy puzz11ng
over them. The "Games Passengers Play" pajes of airline magazines,
the "Mathematical Games" Sect1on of Séientific American, and %the
regular features of severa]“ﬁass circu]at1on per10dica1s such ¥s—the .
‘ Sunday magazine and comic sections of newspapers are all ev1dence ‘
that mathematical problems, puzzles, and games have a substant1a1
audience in the general public.
Accepting that problem solving has an intrinsic appeal for some
adults, consider some possible roles for problem solving in the s¢hool

curr1cu1um , .

e Enrichment activities of a prob1em -solving nature can be used as

"supplementary material. vV m‘)
e Standard mathematical topics can‘be approached in a problem-
- solving modé. ’ ‘

o The problem-solving process can be discussed as a content area,
that is, an attempt can be made to understand what a prob]em
solver dees when c0nfronted with a problem.

It shou]d not be over]ooked that for many children as for many adults
there is an aspect of sheer enjoyment in solving problems.- Children
seem to be particu]ar]y intrigued by cleverly posed problems with

‘ ingenfous or unexpected solutions.

. 2 e
~. 12 o




Most prob]em so]vers young or o]d exper1ence a sense of -
) ach1évement when they d1s'cover a successful attack on 4 problem Wh1ch .
'had resisted their 1n1t1a1 efforts. It may happen that we can "a]- ’ ‘
most" solve a prob]em but that the last step is a very d1ff1cu1t one
Other times it may be that gven the first step-1s far from_ obv1ous

One of. the purposes” of th1s unit is to provwde you, and u1t1mate1y
your students, w1th some ‘means, other than luck of«'lgetting s rted‘ s
on a prob]em f : SN A - :
The un1t begr”s w1th 8 sect1on whﬁ%h introduces one point of
) view toward prob]em so]v1ng by sKetching: thg outlines, of a prob]em- ‘
~  solving process and by giving an example which illustrates it. This ,fi‘
\ 1ntroductory section will gann in meaning“as you proceed through the
activities of the unit., f;y - *

" Activities 1 through 3 will prov1de you an opportun1ty to try to -
so]ve problems and to’ identify -some usefu] methods for solving prob-
1ems In eachnbf these activities you will work on a prob]em for a
wh11e and,then*you will be given a handout wh1ch ‘shows one method
which is applicable to the problem. The

sty 1s se]ected to lTead to the method on |the handout however, it may
well happen that the method you develop 1 be' different from.the

one on the handout The méthod discussed fn the handout can also,

1rst prob]em in each activ-

" ~help in—solving—the™ otherkproblems of the: act1v1ty,eeHoweyerssothEEW_JWM_A44
methods will work on these [ 6blems too. .

Act1v1ty 4 focuses on the ref]ect1on and introspection aspect of

. problem solving, Many students and teachers have found reflection to

be.a significant aid in improving problem- so]v1ng sk111s, and we hope
.-you will develop a continuing habit of ref]ect1ng on th solution of
a- problem . . ¢ . -
- In Activity 5 you w111 have an opportunity to solve problems, on
FL your own' or. in; grdups, Without hints. F1na]1y, in Activity 6 you
ji,r? wf11 be. presented with pertain ch11d teach1ng situations in which the
lﬁf.‘ expernences and 1ns1ghts ou-r ga1ned in Act1v1t1es 1 through 5 may be
{}ﬁ’ he]pfu] The pr1mary purpose of the entire unit is to provide you-as
f:. a prospect1ve e]ementary teacher w1th some ideas wh1ch may enable you
- to- help your students ‘become better probfem solvers. Actual, not - ‘

.




- - - .

yicarious, participation in prob]em so]ving is an indispensable part
- ‘ of your experience. Along the way you may f1nd your own problem-
1ng skills 1mprov1ng . This is not’ unexpected since one of the
become a better problem solver 1s to try to solve many
and to thtqk about what you have done,/’

and varied pro

>
.




1o

’ . SOME PERSPEGTIVES ON PROBLEM SOLYING A\

Before you begin the actinviti'es which form the body of the unit, we' ‘ h
will present a framework for the systematic approach tO“problem solv-
ing taken in this unit. This framework can be-: pyrsued jn much great-
er depth than is done here.v Those of you who would like ‘to do S0
will find an entry to the Iitekature‘inuthe books and articles listed’
in the references on pages 47-48. | _ :

In this unit we concentrate on problems which are not directly
connected to specific mathemafica] Eopics. Yet they are problems
whiéh require some creafivity and/or of}ginality. Such probTeMs do-
not have an obvious niche in the usual mathematics content units.
More than upon specific content knowledge, tHoughN;&EHMkESWIe&gé:méy
“be needed, the solution of these problems may deﬁend upon selecting ,a

e o e v wet e o]

useful'approach or upon a particular insight. We have chosen such
.problems in order to emphasize certain aspécts of tbe’prob]em-sofﬁing
process. An example of a/prob]gm of this type is the famous Golden
Chain Problem— ., - . ' ‘ ’ _
Tdke a moment to reéd\ghe Golden Chain Prob]em,‘which appears on
pagé 5. This problem.is easily understood. Very little thought is ‘
needed to understand what it is that yéu are to do. Yet it is a
problem which most students are unable to solve immediately. The
usual method of solution is a sort of trial and error that leads
- {sooner or later) to a solution. - : v C
from the standpoint of the e]ement3$y schogl, this problem is
also attractive because it is easy to find physjcal embodiments for
it. The metal or plastic rings which are qgailable in most bookstores .
will do. Children (and adults, too) find such’ physical representa-
tions very useful in understanding and solving probfems.

~
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'Go]den Chain Problem

A Ch1nese pr]nce who was forced to flee his k1ngdom by h1s

. traitorous brotHEr sought refuge in th§~hut of .a poor man. "The

pr1nce had no money, but he did have a very valuable golden
chain with seven Tinks. ¥ The poor man agreed to hide the. pr1nce,
but because he was poor and because he risked’considerab]e dan-
ger should th& prince be found he asked that the pr1nce pay

T

him onehlink of”the golden‘cﬁain for each day of hidingf Since
the prince . might have to flee at any time, he did not want to
give the poor man the entire_c¢hain, and since it was. SO v%]u-

able, he did not want to opén more 1inks than absolutely neces-‘
sary. What is the smallest numbewvof 1inks that the pr1nce
must open in order to be certain that the poor man has one Tink
on the first day, two links on the second day, etc.?

S ", Mg

‘e

+
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Ih‘thjs unﬁt we will concentrate on prob]ems of the same generqj
character as the Golden Chain Problem, with the goal of identifying

", some general methods of attack. Remember that the primary objective
is to provide you with.a small collection ofésuggestions which you
will be able to pass on to your students when they encounter diffi-
culties in problem skoiné}

-

.

Ordanizing Your Work: A Framework for Solving Problems

The, purpose of the next few paragraphs ts to provideba‘framework for

. the.problem-solving activities which comprise the bulk of this unit.*

In most problems, the _process of finding a solution can be di- -
v1ded 1nto a number of steps or phases. Each of the steps has a
- somewhat different focus, but their common goal 1is the so]ution'of
the prob]em “"The four steps whtch we will introduce are
e Understanding the problem
° Getting started with a plan
e Carrying out the plan
e Thinking back . v
. In seek?ﬂg to understand the problem, you may ask yourself:
Is the statement of .the.problem clear to you? Are the words and
mathematical symbols familiar ones whose‘meaning you know? It may be
helpful, even at this early stage, to sketch some figures or con-
struct diagrams or tables summafiziﬁg the information given. You may

>

~

find yourself rereading the statement of the problem severai times as
you attempt to'solve it. Such rereading may be particularly helpful
after an unsuccessful attempt. At ghat point you may find more mean-
ing in the statement of the problem than you did originally. (Under-
standing of a problem, particularly by children, may be enhanced by

stating it in terms which are as interesting as possible.) ‘
o ' . ‘.' v L

-

- ¢ ) ~ .
*Although there is some overlap with Section Il of the Number Theor¥
unit of the Mathematics- Methods Program, the discussion given here
self-contained.

4
4
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The second step in problem solving is getting started with a
plan, i.e., deciding what to do. The task of getting started is

frequently the most difficult part of 'the whole prob]em-soiving pro-

cess. Putting the first worthwhile ‘mark oh a piece of paper can be a

very hard job! It is in this second phase that the methods or

stratégies which are introduced in Activities 1-3, wii] be mdst help-
ful. ‘ - g ' :

‘ The plan of attack may change several
times as attempts are made to carry it
out, and a successful plan may develop’
only aftef.a number of failures. Other

" times, a "bright idea" may give an essen-
tial cluepvery early in the‘process. In
either cgse it usually happens that our
understagding of the problem deepens as we
develop b plan of attack. There is no way
to be ceAtain of stimulating these bright
ideas or &f deepening understanding, but

‘ experience‘in problem solving and thinking

about the problem solving process certainly help.

A]though the solutions of many problems do-not depend on specif-

ic mathematics, there is a relation between getting good ideas and:
knowledge of mathematics Frequently, one can exp]oit similarities
between problems, and these similarities can best be recognized
through common mathematical characteristics It is not necessary to
know a lot of mathematics to be a good problem solver But mathemat-

ical knowledge is rarely a hindrance (although it occasionally leads

to overlooking an obvious approach, i.e., to making the problem too
hard), and it is frequently a cogsiderable aid to problem solving.

« After a plan of attack has been devised, the next step is carry-
ing it out. Following through on an idea is generally easier than
creating the idea in the first place, and this phase of the problem-
solving process may be more routine than the others Perseverance is
an important characteristic for a problem solver to have at this

point While proceeding with the solution it is important to keep

- U A i e em e Aol e AR g s ks g+ Shme [;._..... [,
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the goal ‘in m1nd and to be sure that the work" 1s leading toward th1s

goa}. lt is easy to become s1detracked with deta1ls Check occa-

sionally that what’ you are doing ‘is: contr1but1ng to a so]uticm 1t-’; .
may. happen -that as you carry out your plan of attack you will see ’
1that it will not solve the problem. Then you must start over again,
building on the experience gained.

" Finally, the problem-solving process ought not end immediately
when the problem is solved. The 1nc]1nat10n to go on at once to '
other things should be resisted, and you should devote. a few moments
to thinking back and reflect1ng on your efforts. Now that you know
an answer, is there an eas1er way to obtain 1t? Have you taken any
detours in your approach to the prob]em that you now recognize as
uhnecessary? Does your approach seem 4s logical and natural now as !

it did when you beéan? Can‘you 1dent1fy what' it was that stimulated ‘

. a part16h1ar1y useful idea? [t is a godd exercise. and many times$ a
difficult ohe, to Bry to formulate anothep problem that you could’ '
Solve using the’same method. Such activity may help you to identify.

_ uséful s1m11ar1t1es in .problems in the future. .

I In summary, the problem-solving process has four phases '

Understanding the problem - ( . .

dGettjng started with a plan

* Carrying out the plan o ’,

Thinking back ‘ .
Taken together they form the framework for our view of problem solv-
1ng. We should emphas1ze that although there is a top-to- bottom -

, order implied in this 1ist, one -rarely proceeds through the phases

1

. / ) i
exactly once in solving a problem. Typically there is some "cycling
back" to repeat some steps twé or more times before the problem ‘is
solved. We return to the notion of cycling later on. The rest of

“the unit consists of examples and opportunities’ for you to ut111ze_.
this framework. Activities 1,2 and 3 provide some specific sugges-
tigns for getting started with a p]an and Act1v1ty 4 focuses on
th nking back. / .
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In order to remind you of this framework for problem soiving &e

‘ » .1ntroduée the 1ogo
, L Understand

@ Plan
Carry out -
Think back | ~" ’

-

which will be displayed at various points in the unit. If we wish to Y
emphasize a particular step in the framework we will highlight it as -
shown below. "

Think back

This should call your attention to the think-back step in the'fyame-
work ' ! .

‘ Before turning to the activities, we return to the Golden Chain
Problem and view that problem in the 1ight of framework.

“a

Solution of the Go]den“Cha1n Problem

Almost any problem could have been used to exemplify the four phases
{dentified above. Each problem has fts individual features and the
relative difficulties of the four phases wi1l vary. Consequently,
you should not expect the solution process for' other problems to re-
semble this one except in 1ts most general features. Before continu-
ing, reread the statement of the problem on page 5. You ma} also
want to try to solve the probiem yourself.~ . * '
The phrase ihe did not want, to open more 1inks than absolutely
necessary" in the statement of the problem {s a crucial one. It
tells us that we are to-determine-how many 1fnks must be cut in order
that the pr1nce may provide the poor man with one 1ink on the first
day, two 1inks on the second day, and so on, until he has given seven
‘ 1inks to the poor man on the séventh day. It is understood that

+
>

9 ’

20 *




>

there may be an éXChange; that is, the poor man may return some- 11nks
to the prince so long as he has the requisite number of 1inks on each
day. Indeed, 1f each linl of the chain is cut, then the condition
can obviously be met. Superficially, howéyef, this approach seems
to be very wasteful and we expect tqo be able to meet fhe condition
with fewer cuts. The problem {s to determine the smallest number of
2 +cuts which must be made to satisfy the condition.
. We adopt one of the simplest possible approaches to the ﬁroblem:
organ1zed trials. This is a systemized vers1on of what you probab]y
know as trial and error. ‘ R
0bv1ous]y it is impossible to sat1sfy the condition .of the °
proﬁ]ém without making any cuts. In fact, it {s impossible to sat-
isfy the condition on day one. We ‘continue by checking whetﬁer the
condition can be met with one cut. Then with two cuts, and so on.
In each case, we will consider systematfcally the results of cuts of
specffic 14nks. .
Before we consider the case of ‘One cut it will be helpful to
agree on some Ssymbols fof cut and uncut 1inks. :

cut: Q _ uncut: (O  connected 1inks (3)::(@
So, for example: ‘ . '
represents afe~cha1n with the link”on_one end cut, and

® ¢ O™ S

*

q.

"

represents the chain with the third 1ink from one end cut.

»

Case 1. One Cut

With the notation introduced above, the pieces which result from

cutting the 1ink at one end of the chain are Q and CGOO00D
With this cut it is impossible for the prince to give the poor man

exactly two 11inks on day two.

o 10 2
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Next suppose that the 11nk in second posi%ion is cut. The re-

sulting pieces are (. (I) (:n:n:n:n:) It {s easy to see that the

condition can be met on days one_and two, but it is 1mpossib1e for

, the ¢ondition to be satisfied on the third day-. Try it.

To continue, we -suppose that we cit the 1ink in third position.

The resultiig pieces are ap (;) QO3D . The table below indi-

cates that {t is now possible to meet the condition on.all seven days.

Day 4 . Prince " Poor Man
1 | GO @D Q

2 G CU8D - @D

3 Qm . | QO
+ | @@ | QD
a e110Ne)
@ G 4D
N | CoID @ @

wm

4

Note that the problem~has been so]ved, and we did not even have to
consider Case II (making two cuts) or Case 111 (making three cuts).”
with this systematic approach the problem was remarkably easy to
solve. It was necessary to decide how to organize the trials and how
to keep track of the results. Our trials were organized first
according to the numbér of cuts and se§0nd1x according to which 11inks

“were cut. In fact, it turned out to be unnecessary to proceed beyond

zation and a convenient notation facilitate problem s01vifg.

one cut since the solution pf the probysm utilized 2 single cut. The
notational device of representing uncut 14nks b and a cut 1ink

"by (;) proved convenient. One might conclude from this that organi-

*

There are other approaches which are equally effective in soly-
ing this problem, and some of them are preferable because they are

11
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generalizable. However, this approach has been adequate gbr our

present purpose, that of 1llustrating the problem-solving process. ‘

Summary

In this section the problem-solving process has been analyzed into
four phases and {llustrated. The reader who {s interested in delv-
ing further into our analysis of the process of prbb]em solving is .
referred to the sources cited in the references, éspecially the'book,
How To Solwe It, by G. Polya. _ T

v

DIRECTIONS:

Before. continuing to Activity 1, identify the four phases of the
problem-solving process in the solution of the Golden Chain Problem

given above. Discuss as a class the relat1vq\1mpdrtance of tHe

various bha§es in this example. ] Y

Underdtand |. .
Plan: : v ‘II’
Carry out

Think back
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AcrrggTL _— ;
‘ N SEA&CH OF A STRATEGY N ' ~

.
- +
.~

»

. FOLUS: - -

This activity and the two immediately following it
~ focus on methods for getting started with a plan in
solving a problem The idea is for you to discover a method of -

attack, a trategx by working on -your own or in smal} groups. Ideas  o
_whose utility you discover on your own will be much more a part of
'your mathematical tool kit than those communicated to you by others.

[ . ”

DIRECTIONS:

4wmed1ate1y following these directions there is a list of prob]ems
"Begin working problem 1 and continue for the length of time deter-

‘ mined by your instructor. After solving this problem, or after work- :
ing on it for the specified period-of time, read. the Handout - for
Strategy 1. After reading the handout, continue with the other prob-
lems in this 14st, as directed by your instructor. ‘ ’

A]though each of the problems in the 1ist can be attacked.in
more than one way, there is a method which s applicable to all of
the problems. It is this method that is developed in the handout.

Be sure to engage in some thinking back about the way that Strategy 1
as described in the handout is applicable to each of the problems.

~ Problems for Strategy 1
1. Riding to School.

Every day Saﬁly rides her bicycle to school along the city

streets. She ]1ikes very much to ride a different way each day.
* Since she does not want to ride further than necessary, she

rides just six blocks each day; that is the shortest possible

13
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a 1

ride from her house to school. How mary days can she fjde to ,
school before she has to take a route that she has used before? .

-

o

Indiana © Fess . Park Woodlawn
. . , ’ 7 . -
c . o ‘S'Chooi' . ‘ &
- > : - i 227 Tenth
' Ninth
Efghth
- - ‘ Seventh
Sally's N
house

o

0 T
a .
......C................C..C..C..........‘......C...

L] L]

[ ] [ ]

* *

* [ ]

. EXCURSION .

* *

' N How many S-binck tops-from

* o Here 1s a similar problem AL0 DFTrce them - .

* . K )

a ¢ which appears in a current L Le :
+ elementary school mathe- R O R W . -

[ ] i *

. a o i Y S NS S P .

: hatics text " . :i} 1T ¢ :

.. .

* *

* *

* *

* [ ]

L] [ ]

......CC........C.'.C:...........’....C..C..ﬁ....'..

‘ *Clyde A, Dilley, Walter E. Rucker, and Ann E. Jackson,
Heath Elementary Mathematfcs, Level 5, teacher's edition,
(Lexington, Massachusetts: D. C. Heath and Company, 1975),
p. T277.

14
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Tower “of Hanot

«.-::::,_e )

There are five discs stacked on a post in ascending order 'from .

- ¢ largest to smaliest. The discs are to be transferred to one of

“two empty posts using only certain kinds of moves. A move con-
:sists” of takinq the top disc on one post and- transferring it to

; another post. “The' bas1c rules‘are_the fo]]ow1ng

1

T 1) A d1sc may a]ways be transferred to an empty post.

2) A disc may be transferred to a post occupied by another disc’

"if and on]y ‘+f the disc ‘which is transferred is smaller than
the topmost disc already on the. post -

What 1s‘theAsma11est number of moves. necessary to.transfer the
five discs? '

This is, of course, a special case of a more general question.
If there were n discs arranged with the smallest on the top on .
one of three posts, how many moves would beinecessary to move

them to another post? e . . BN

Legend has it that at the beginning of time Buddhist monks were
given the task of transferring 64 golden discs from one 'dfamond




~ needle to one of. two. ’others It was sa1d that the world wou]d
- end when they had cqmp]eted the1r task. -If the monks began with -
64 discs and moved one a second, how Tong wou]d it take them to
© . move the discs to another need]e” T

I\ ~ 3. laying T11es\ s ' - : o e

A
a -

- An 8-x 8 square grid with two squares removed is to be tiled
with 1 x 2 tiles. Find an easﬁﬁky of determ1n1ng whether or

~

not such a tiling is possible for an arbitrary pair of omitted ‘ ,'
squares. - For -example, it is possible to tiTevthegrid marked A
below (X's denote squares to be omitted), but it is impossible

: to tile the grid marked B. U _

Lo » . : ' ‘ ’ . ~y )
. - i . ] D . N
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Here iis another Samp]e ~prob_1e4m from -an é‘]‘ementa‘ry :
~ school textbook.* N L

"'h

. — - —
4 ;. 1-unit . 2-unit

é’......‘....

This is a game for two. The object is to

cover the 10-unit strip exactly with the  Make 8 Make 5
1-unit and 2-unit piecés.'Start at the left  of these " of these m
and take turns placing either a 1-unit or a 2-unit side by side untit the

10-unit is exactly covered, The last one {o put down a strip wins the game.
. hd : N »

N S(ar(."- 1 | ‘ ‘ '

+

- B

-

Try this game using an 11-unit strip. Try it with a 12-unit stvi'b,‘

.o
n N .

..........'.u.g.....'................................

.
ot
PR

4.. How many squares are there in the figure below? . ) .

/x - j .’{I‘- . i - X

s i TN
Pl wid)
s

3

NN

®

‘

3

*Robert E. Eicholz, et al., Investigating School Mathematics, Book 3, '
_ teacher‘s?edition (MenTo Park, CaHfornia: Aaaison-ﬁesley PubTishing

., Company, 1973), p.239.
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TYPES OF PROBLEMS

- In our use of the term problem we are réferring to prdeems‘
which have mathematical content. These problems may involve
mathematics explicitly, or they may only call on the precise
lTogical thinking that is associated with mathematics. In_the
elementary school curriculum, the more fam111ar of these types

of problems are those which occur in exercise sets or in end- -

of-chapter reviews in textbooks. Usually, such problems are
d1rect1y connected with the mathematics being discussed in the
"text. There are prob1ems whose main objectiVe is accurate
computation

2 5 _ ' {
I3+ %= .

- and there are story or word problems which invo1ve the transla-
tion of a verbal prob1em into mathematica1 terms An éxample

p—— - N -~ -

fThere are 68 cookies and 9 boys. If the cookies gre

distributed evenly among the boys, how many cookies

does each boy receive? How many are lTeft over?
At the other end of the spectrum from textbook problems are
problems which require investigation into a situation which -
arises in another academic-discipline or in.the real world.
Such problems may be studied as group activities for several -
weeks. Some problems of this sort which are?appropriate for
elementary sch001 children have been prepared for school use by

.USMES (Unified Science and Mathematics in thé.E1ementary School).

The problems in this unit 1ie between the two types identified

above. These are problems which are not closely related to. ~ -

specific mathematical topics and which do not require a major
investigation tnto a nonmathematical situation. They are,
hewever,‘prob1ems which highlight the steps in the problem-
solving process and which tend to hold high’interest for chil-
dren. :

.Y

1

18
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CoACTIVITY.2 o
N ‘ LOOKING FOR ANOTMER STRATEGY - ‘

.
) . N
-
e

*FOCUS: B

- . . i
In Activity 1 we identified one way of getting started %%?%%g%
with a plan, namely using the simplification strategy, .

i.e., working a simpler but related problem. _In this activity you
Vowil 1dentify‘2;Secohdostrategy. : : :

DIRECTIONS: - | R

. Proceed as in Activity 1. That is, work on_p#ob]em 1 of the‘1ist
which follows until you solve it or until your instqyctor asks ydu

- to'étop. Next read the Handout for Strdtegy 2\ Finally, work;the;~
remaining problems in the 1ist as directed by your instructor.. Be .L'
sure to think back over yohr work after eéch~p¢ob1ém. Try to use the
strategy dgve]oﬁed-in'the handout, atlféést on some of the prob]éms.

. o o Problems for Strategy 2 ‘ -

. 1. Dicing a Potato

_Ajs]ite of potato, taken to be a ciréuﬁar s]icé'for Eonvenience;
is to be’'cut up into small pieces. Although the te sdicing"
usually refers to miking~sma11 cubes, we will not pe so restric-
tive and we admit pieces of any shape. Suppose that the dicing .

is to be carrjed out by plaging the potato slice on a table and




3.

_ cuts. This can be substantially

A . v .
. ¥ A

v o -

cutting it up by making (straight) knife cuts through it. The

pieces are not to be rearranged or'piled.up bgtwéen cuts.

what'isgthe greatest number of pieces which can be produced with

_ @ given numbar of cutS?)‘ : .

Let us ask a more specific question.
The .i1lustration shows how sixteen
pieces can be obtained with six

improved by placing the 5ix cuts
more judiciously. 'What is the best
you can do?

Hint: In order to get. started it
may be helpful to adopt Strategy 1

~and begin by considering a simpler probfem. For example, sup-

pose that instead of a potato slice one had a piece of string
that was to be cut into a number of pieces. How many pieces of.
string are produced by one cut? By two cuts? .By n cuts?

Cl

Connect the Dots ' _—

Given n points in a plane no three of which are in a straight
1ine, how many 1ine segments must be drawn to connect all pafrs

of points?
YOU'LL DO BETTER)
|F’Vt;u.¢

Y

Think back

How many dﬁagona]s'are there in a regular n-sided polygon? .

EIEN

) 4
l .
20

‘ ¢

.
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By a number pattern“in an array of numbers We mean a. regularity
in the array which can be used together with certain entr1es in
the array to*predict other entries, or to extend the array..

For example, sqppose we are given the array

!

1 2 3.

‘One might observe that these are.the first three natural,numbers,

and predict that the next two are § and 5. In this case the- set
1 2 3 is viewed as a'part of the larger array 123405, Also.
one might observe that since 1 + 2 = 3, the third entry is the
sum of the preceding two. Therefore one might v1ew the given
array as a portion of the larger array 1 2 358 (5 2+ 3,

g8 ="3+5), . A . ’

1) Find at least five number patterns in the array

i) Continue the array for two’more'ro%s using one or more of .

the patterns you found in i). o : .
111) Continue the array shown pelew for t@o more rows using a
number patterniyou find,in the displayed rows.

{

Te “.‘|" _'1 '
L

i

[aV]
—
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N

" \ . .
" iv) same as 111) for the array

B l . - n
: A
. 2.3 2 ’
. \ 4 8 8 4 : ” o
\ 8 20 26 20 8 '

! o

b v) Continue~$he arra§ shown below for one more row using a
" % number pa€k$rn you find in the displayed rows.

\

o
< 12

1 : o .
1 2 : ' :)
| 1 4 6, - : .
- 1 6 16 22 ‘
1 .8 30 68 907

<

vi) Create a triangulaf\f1ve-row array using a number pafte?h
that you invent on your own.. Ask a classmate to find the |
pattern and to extend the\array by one or two rows. ‘

5. Solve problem 2 of Activity 1 using’ the methods developed in
this activity.

22
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AN EXAMPLE FROM THE CLASSROOM

‘ In order to illustrate the usefulness of selected hints in helping a
child solve a problem, we recount a problem-solving experience of a
group of fifth graders. The problem was posed to them as follows:

a

Fifteen couples have been 1nv1ted to a birthday party The
host has several small card tables that can.seat one person on
a side. He plans to set the small tables end to end to make
one long table. to seat all the guests. How many of the small
tables will be needed to seat the fifteen couples?

+

When the problem was first posed, the stu-
dents guessed wiltdly with no concern for
justifying their guesses. One student
'misinférpreted the problem and tried to
find the number of tables needed to seat
60 guestsl The teacher aided the student
by suggesting that they look at a simpler
problem. He asked, them, "How many people
*could be seated at one table?" "... at
two tables set end to.end?" "... and at three tables setlend to
end?" Although there were some initial disagfeementsJamong the chil-
dren, they finally settled on the nymbers 4, 6, and 8.

Some of the children had difficulty in understanding that the
tab]g@ seat one person on a side and that the tables were to be put
together to make one long ‘table. The teacher drew some pictures,
then suggested that the students organize their findings in a table

of information:

Number of Tables | 1 | 2| 3
|




When the teacher asked ‘about 4 tables, the children rgp11cd 10°
people. They gradually noticed that as one table was added, two
additional people could be seated. Tha? is, they notjced~thé "1 more
table = 2 more people" pattern in the table of information.- With
this clue they were, able to complete the table of 1nformat10p to the -
entry corresponding to 30 peop]e

Number of Tables l ] | 2 } _3.| ‘ W .
) © Number of People] 3', 6 ] 8] ) 30

The children theﬁ checked their answer by drawing a diagram of
14 tables and verifying that in fact 30 people could be seated at &
long table formed from 14 small tables. : o

OOOOOOOOOOOOOO
Ol 12]3]4|5[@|a]8]2|w])iz|[i3]|O

OOOOOOOOOOOOOO

In working with children on this problem the teacher pointed out
one method of :attacking the problem, or one strateqy. The strategy,
that of trying a simpler but related problem, was the topic of Activ-

ity 1. .

3o
~
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ATIVITY 3 :
TO FIND A THIRD STRATEGY

FOCUS:

We have identified the strategies of working a'simplef but related
problem (Activity 1) and of using number ,patterns and formulas (Ac-
tivity 2). “In this activity you will identify a third strategy which
will be useful in getting started with a plan in solving a problem.
DIRECTIONS:

Proceed as in Activity }. That 1s, work on problem 1 of the 1ist be-
Tow for a period of time determined by your instructor. After solv-

‘ing the problem, or when your instructor asks you to, read the Hand-

out for Strategy 3. After reading the handout, continue working the
other problems in the 1ist. An important part of the activity is
thinking back about how the strategy was used on each problem. -

Problems for Strategy 3.

1. Connect the Dots*

There are five dots arranged in a pentagon. In how. many differ-
. ent ways can four or fewer straight 1ine segments connecting the
dots be drawn? s ‘




Before we can hope to solve the problem we must  Understand '
decide what the phrase "different ways" in the i} ﬁﬁ%ﬁ%ﬁ%

statement of the problen means. ' This is an im-
portant part of the first phase in problem solv-
ing, 1. e. » understanding thb problem. ‘Let us R
agree that two ways of connecting dots with line- segments are
not "different” if the dots in one figure can be relabelled in
such a way that the connections are the same as in the other
figure. Remember that it is the connections that are important,
not the way the figure is drawn. For example, the connections
i1lustrated in figures 1.,2 and 3 are not different.:

A

- figure 1 figure 2 ) figure 3 '

-

Indeed, if we relabel figure 2 by changing B to A, C to 8, D to
C, EtoD, and A to E, then the relabelled figure 2, shown be-
low, is the same as figure 1. You should actually cross out the
labels on figure42 "and relabel the points to verify that the

relabelled figure is correct. &




' Also, {f we relabel figure 3 by changing B to A, D to B, AtoD,

. : and Teaving C and E unchanged then the relabelled figure 3,
shown below, is the same as figure 1. By this we mean ‘that dots
with the same Tetters are connected in figures 1 and 3; f.e., A~
is connected to B, B is connected to C, C is connected to D, and

D is connected to E. - .’

)

relabelled figure 3
Can you show by relabelling that the figure given below is not
» different from figures 1, 2 and 3?

On the other hand, the two connections {llustrated in figures 4
and 5 are different. There is no way to relabel the dots in
figure 4 so as to obtain the connections shown in figure 5. The
reason is that there is a dot in figure 4 which is connected to
three other dots, and there is no such dot in figure 5. °

’

A A

A ¢
B E 8

8 . w




With this preliminary dfscussion. you snduld be-ready to Hegin
work on problem 1. Also, as a resuft of this discussion you
should rea1ize that understanding the problem may not always be

simple phrase such as "d1fferent ways" may requ1re thoughtfu] f?
ana]ysis ' # .

P]ac1ng Pennies

Place four penn1es onad x4 gr1d in such a way that no two are
in the same row, column, or d1agqna1

Two' pennies are in the same row if they are in the same hor{zon-
ta) 1ine; they are in the samevcolumn if they are in the same
vertical line. Three of the five upper left to lower, right
diagonals are shown by the dashed 1ines below. There are also
five upper right to lowervleft diagonals. - B

—
N\ . N
AY .

‘i

, . ¢ . . . . 'y
For example, the two pennies in figure A are in the same row,

a comp]ete]y stra1ghtforward phase 0 blem so]ving “Even a

the two pennies in figure B are in the same co]umn, and the two '  .

in f1gure C are “on the same dfagonal.

- R
J .

R

4
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The arrangémer_its shown below do not satisfy the conditions for

" the reasons given:

@ Vo ' ‘Pennies 1 and 2 are on the same d'iagonél , as are ‘

,. L @ pent 1_e§ 3 and 4.

@

Pennfes 1 and 2 are on:the same diagonal, and pen'f _
1  nies 2 and 4 are in the same.row. T

.
. . ~ . '
A o . P . y -
d A ) o L - :
] ’ : . ) .

Here is a grid which will accommodate bennies. if you wish to

experiment. . ‘.

+
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3. Sums Divide Products -

) ‘ . . ) - ' B . . . ) . : B . ’ -
g . Are there two,«er{;ferent prime numbers. m -and n such that = ‘
: m + n divides m x n? If so; give examples; if not, then explain.: . ..
» = . [ .
\ why not. - T : :/f o '
* CI b

The Grass is Greener e

."A goat is tied at the corner of a.20" «x
40" barn with a 50° rope. If it can
graze at any spot outside of the:
barn to which its rope can reach,. B

~ what is the size of its grazing
area? -

” - S

5. Vegetables

Several of the twelve o
teachers in the local ele- :
‘hentary school plan to try /’
to grow vegetables in their

. science classes. If six

5{teéchers plan to grow

‘beans, eight plan to grow
corn,»ahdlihreé plan to

g}ow'both, how ‘many plan

“to grow'ﬁeither«béananor

-

corn?

DiD vYou...

& %.-6 % <

Think back
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A f£amily of four--two parents, a

son and a daughter--have a set of .
Christmas cupé. One evening they’
observed that Mother had the cup '
decorated with candles, Father;'

" had the one decorated with ho]]xs;,_
the son had the one decorated with .
carolers, and the daughter had the

. -A Cup-of Good Chegr

one decorated with-angels. " In

how .many ways can the cups be dis-
tributed the next evening so that

no individual has the same cup?

[




ACTIVITY 4 - - . S .
NOW TRY YOUR HAND B - I ’

[%

FOCUS: ' , \ v( ' : '

In Activities.1-3 three épgcific strategies were introduced and i1-:
lustrated: work a sihp]er but réiqted prob]eﬁ, use number pattefns‘
and- formulas, decompose the problem into 5pec1a1 cases. In -this
activity you will have ah’opportun3ty'to try your hand at prob]ems 3 ot
without knowledge of which strategy (if any) may beihg]pfu]. Sorie of'
these,prob1ems‘can be solved by using any of §everaTvstra£Egies, and
some are best solved using methods which are somewhat differeht than ,'
those introduced -in this;unit. The main purpose of the actiVify is : 0
for you to engage in prob1em»sg1v1ng with the ex6zrience of theﬁfirst :
three activities behind you. : T .
DIRECTIONS: »
Try to solve those!problems 1n‘thenfo11ow1ng 1ist suggested by your
_instructor.  You will be given directions regarding the préparation
of ybur work;-either to hand in or for oral repérting.'-The problemns
vary'consjqefab1y in d1ff1cu1ty so you should anticibate.encountéring
some that aré quite easy and others'that appear more difficult.

N

1. Missionaries and Cannibals

Three missionaries
and- three canntbals -
wish tb cross ,a
‘river. There is a

~ boat which. can carry
three people, and - °
either a missionary
or a cannibal can
operate the boat. It

is never permissible
~




for cannibals to outnumber missionaries, neither in the boat nor-

.

on either shore.

(WHAT PLAN ‘s ‘What is the smallest pumber of trips
To Use? " necessary to make the crossing?

How many trips are necé%sary if the boat

holds only two people?

s

' Méﬁﬁ’%pg‘@%
P o ]
IRk ek
[3

Three Bears*

Once upon a time there were three bears: Lester, (a large
bear), Mildred (a middie-sized bear), and Bashfu1’(alsma11
bear), and three pots of honey: a large pot,.a middle-sized
pot, and a small pot. One daysthey found themselves carrying
the pots of honey down a path. Lestéf,was carrying the middie-
sized pot, Mf1dred‘was carrying the small pot,'and Bash%ul,was
carryiﬁg the large pot. Since this was c1éarﬁy»an inequitable
arrangement, they proceeded to pass the pots around until each
had. the pot proportional to his (her) size.




Marking a Dié

" A number of marbles are stacked

" Buying Stamps<?:

‘stamps ‘be attached to each other?

o

The rules of pot-passing in Bearland are quite complicated. L

They are: : : ‘

i) Only one pot can be passed at a time.

ii) If a bear is holding two pots only.the larger of the two
may be passed. : '

111) A pot may not be passed to a bear who is holding a larger .
pot. ' )

1
3

By what seqdence of passes of pots can the bears solve their
problém? '

€

!

On an ordinary die the numbers. 1 and 6, 2 and 5, and 3 and 4 are‘
on opposi;e_sides; In how many different ways can a die be
marked subject. to this condition?

Stacking Marbles

a

in a triangular pyramid. How mahy
are in the nth layer? How many

marbles are in the top n Tayérs?,

\

When stamps are purchased at the post
office, they are usually attached to
each other. In how many ways,can.five

Making a Calendar o : SRR \ ‘

Can single digits be painted on the faces of two cubes so that o

the cubes can be placed so as “to show eﬁph of the first 31 num-
bers? If so, determine how; if not, determine how many cubes

are needed. ‘
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7. Coin Puzzle ' ' ,

‘ Place four pennies on the circles above the cen-
' ter circle (markgd C), and place four dimes on
‘the circles below the center circle. The object
of the puzzle {s to move all the coins on the
- upper circles to the lower ones and all the coins
on the lower circles-to the upper ones. The
moves of the coins are subject to the following

v

restriqtions: : »

.

i) Coins can only Eovej?brward--that is, away
from their starting position.

#1) A coin can only move to an adjacent empty
circle or jump over an individual enemy

. * piece onto an empty circle. .
L'

What ‘is -the smallest* number of moves necessary
" to ‘aeeomplish the objective?

‘ 8. Bouncing Ball

A Sooper-Dooper Ball is dropped from a window
which is 16 feet from the sidewalk. Each time
the ball bounces it travels half as high as on
the previous bounce, or half its initial height
in the case of the first bounce. The ball is
caught when it bounces exactly one foot from the
sidewalk. How many times did the ball bounce
and how far did it travel?

*The number of moves needed to solve the puzzle is

unique for a given number.of coins on each side of the
center. That is, if you and your neighbor both solve
the"puzzle (legally) then you both used the same num-

ber of moves. ‘
o
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10.

AEross the Desert

Several tourists are stranded at a camp
in the deserﬁ, and they estimate that

it will take six days for one of them

to reach the nearest outpost, Each per-
son can'carry‘é supply of foo& and water
sufficient for four days travel, and
consequently no indivittual can make, the
trip to the outpost alone. However, it
is possible for more than ome person to
start -out from the camp and after a time =
transfer food and watgt to a person (or
persons) who will continue while the rest Feturn to camp.  What
is the smallest number of people who should start out 'if one of
them is to make it to the outbost and the others return safely
to camp? Where should.the transfer of food and water take place
and how much should be transferred? :

-
-

Riding to the Library

Sdppose that Jane's.house and the library were located as shown
below. How many days can she ride her bicycle to the 1ibrary
before she is forced to take a route she has taken before?

A

P

Indiana - Fess Park Woodlawn Library
‘ Tenth -

Niufh

. Eighth

Seventh

Sixth

3




ACTIVITY 6

Think back

REFLECTION ON YOUR EXPERIENCES

FOCUS:

It has been mentioned and repeated several times for emphasis that

‘reflection {(or thinking back) on your work is valuable to\the devel-

opmént of prob]em-squing skills. In this activity you will be 4sked
to focus on this aspect of problem solving. ‘

.

DISCUSSION:

In addition to the value gained by thoughtfully re-
viéwing the ideas and methods you ased to. solve a
problem, it is also helpful to orbanize your thoughtﬁ,
in such a Way that they can be communicated to others. '

Most of us have had the experience of having a very
clear picture in our own mihds as to how we solved a .problem, but
being unable to communicate our ideas to a friend or colleague. As: '
prospective teachers, it is important to develop cpmmunicéfﬁon skills,
both verbal and written; and these skills are helpful in sharing
problem-solving experiences. For most beginners, verbalizing the
problem-solving process is a demand{ng task. T

DIRECTIONS:

As a homework assignment prepare answers to questions 1 and 2 below.
You may be asked to present your analysis of a problem in a class
discussion on the value of thinking back. ’

.1. Select one of the prob]éms you worked in Activi-

. ties 1-4 other than those-discussed in the hand- Understand
outs. ‘Analyze carefully the process you used to Plan
solve this problem }nd organize your work using Carry out
the framework outlined 1in,the section on perspec- | Think back

tive. Summarize your analy$is.in a one-page

37 ‘

45




description which would be useful to someone who has thought
about the problem less than you have. Be prepared to present - ‘

N

your summary orally to the class.

2. Create a new problem which can be solved using a process very

similar to that summarized in your answer’to 1).




_

ACTIVITY 6 ’ .
'HELPING CHILDREN SOLVE PROBLEMS

-

FOCUS:

The ‘methods introduced in this unit and related ones can be used in
the elementary school to help children solve problems. .The focus of
this activity s to help you prepare for this use. ’
DIRECTJONS: -

Prepare responses to the following questions. These questions in
provide the central theme for a class discussion of how elemen
school students ‘can be helped to become better problem solver

1. Cons1der the following situat1on

i

Jimmy, a fourth- grader. is working on problem 8 on page A
. (p. 41). He has found that ten blocks are needed for a stair-
‘ case with four steps, but he is stumped on part (b) of the prob-
tem. What specific suggestion(s) could you make which-might
help Jimmy solve the problem?

2 What hint could you give to a student who is having trouble
answering. question 8 on page B (p. 42)1? Is your hint related
to any of the three problem-solving strategies focused on in

~ thistunit? : '

3. On pagd C, what sort of strategy {s used to obtain a formula for

' the areq of a right tr1ang1e? Do you think you could encourage
pr. so1v1ng in your c]assroom by asking some ‘of your stu-
dents to find the area of a specific right tr1angle eariier in
the year beforg the top1c was discussed in,the text?

’

4. What strategy ( r strategies) does the text %n page D use to
guide ‘the student to find the number of straight 1ines connect-
' ing the 12 points? How is the pattern on page E related to the

L .




A +

pattern on page D? What suggestion could you make to a child
Jif he does not see a pattern even after making a table?

5. What sort of strategy might be useful in solving the "think" .
probiem of page F? )

6. There is valiie in student's "floundering around" a bit while
working-on a problem, and premature hints can detract signifi-
cantly from the child's 1ea}n1ng experience. HWrite a one or
two paragraph essay on the-use of hints as a teaching device.
(Think back on your own experience with hints.)

<
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cations, Grade 4, page 251.

3

Scott, Foresman and Company, Mathematics Around Us; Skills and Appli-

PAGE A

©

1 mule

3

pr a

. A b‘lu'e taxi left the garage and went:

3 miles wes!
1 mile north
4 miles east
3 miles south
2 miles east

Now the blue taxi 1Is  miles south.
and  miles easi of the garage.

. A red laxi left the same garage and went:

4 miles east
3 miles south
6 miles west
4 miles north
1 mile westn

s. Now the red taxi 1s * miles
(east, west) and miles
{north, south) of the garage.

». The red taxiis  miles
(east, west) and  miles
(north, south) of the blue tax1.

Aruitoxt provided by Eic:

Reproduced with permission.

"

e At the end of a race:

Fejix was 6 yards behind Ben.
Larry was § yards behind Felix.
Sieve was 8 yards in front of Larry.

s. Who won the race? How far was
the winner ahead of each of
the others?

. Who dame in-fast? How far was
he behind each of the others?

©
L]

. ‘At the end of another race:

Carol was 7 yards ahead of Meg.
Ramona was 5 yards behind Carol.
- Meg was 10 yards behind Jean.

o. Who wori the race? How far was
the winner ahead of each of
the others? '

. Who came in last? How far was
she behind each of the others?

-

.. How many blocks are needed for
a sfaircase i{\al has 4 sleps?

" ». Can you make a staircase with
28 blocks? With 34 blocks?-

Six blocks are
used in a
staircase that
has 3 steps.




PAGE B . | -

v " s a

D. C. Heath and Company. Heath Elementary Mathematics,-Level 5, page ‘
A}

140. Reproduced with permission.
Volume of a rectangular solld
. You can find the volume of a rectangular solid by
multiplying the length, the width, and the height.
. ; . Formula.
‘ ]heiam ValxwXh ’
Example. * ’ - LT
ValXwXh 0’
V=4cm X 3cm X 2cm
Y = 24 cubic centimeters , .
EXERCISES. ‘
. Give the volumes of rectangular solids with
these dimenafons. "
cm R
) 31
SR R ¥ "o 2y 3, o '
em ®yd 10 cm
2m ’ ¥ ' 2em :
1 d If $in,
s 6. 7. 8. 3 in,
6d sn 8
" . ,*A"v 6in
4dm - X IN “ 8 in,
! e C e * . .
Give the volumcl o( these rectangular ‘solids. g
. LENGTH WIDTH naom VPLUME
. 9. | St 1 C4ft i
} 10. 10 y’dﬂ; 10 xd §I'0 yd
| . 1. 6m 9m Tm
140
p ;,
£ . )
|
‘ |
: |
s ®
Y

ERIC

Aruitoxt provided by Eic:
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Aruitoxt provided by Eic:

cations, Grade 5 page 324

—~

B PAGEC

Scott ‘Foresman and Company. Mathematics Around Us; Skil]s and’ App11-

Finding the Aren of & Right Triangle
. .

. Ed drew tniangle A on a sheet of paper
with squate cormners

= i
" Hase - .

The reclangle #nd tnangle A Fave the same_ :

base and the same’ heigh!

The area of irangle A 1s one-hall the area
of the rcctangle

Areol rectangle base ¥ hmoh!
2
Araa of dnangle ; * basgs« height
Ed measured his irangle and found 1S area

i5in *
91

Base
Height
 IRIRT) . 9 o )
boset

Area o Ed's trafigle 67% sq in

Take a sheet of paper with square corners.
+ Draw a right mangle
Find the area of your tnangle

R’bruaﬁééd with permission s .

4

Find the area of ench ngvht triangle

ES
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- , ‘ *  PAGE D

_ : . b .
Scott, Forésman and Company, Mathemaéics Around Us; Skills and

-

Appli- !lll’h»

.
3

. S »
==ed  Using Pictures to Solve Problems -
Start with 12 points. Draw straight lines

- - to connect each point with all the other points.

+. Without counting, guess the number

s of lines. :
. o

/_' v .

To find the exact number of lines,
tirst look at'some simpier problems.

a

: et
. 2 points 3 points 4 points
1 line 3 lines 6 lines

' 2. Draw points and count lines
a. for 5 points,
N ,  m. for & points,
o © efor? poiﬁls-.

3. Record you} results in a table like the one
s_hown at the right,

4. Find a pattern. Complete the table
to.tind tfte number of lines for 12 poidts.

5. How many fines for 15 points?
For 20 points? For 24 points?

L L
- » ) ‘.
0 N R . J
[ i ’
P . o’ |
44 -
25
Q
mE MC . 0
, | STIiEd - .

~

cations, Grade 5, page 92. Reproduced with permission. .. ..

«
»
>/, 4
7/
.
1 L
” o
»
v -
~ .
o " . v .
o R s
’ Number Number N .
of points of hines .
2 1 F— a
- r2\
PR
3 3“" N emmeam | .
+ 3 .
PR—| ’
4 6 _',,
t
5 —
: .
+
6 .
7 .
8
9
v 2.
10
1
12 ?
- i .
.
®
. vt »
. / :
» ‘
LA -
n - #“




R !P'AGE E-

| b. Scott Foresman and Company, Mathemat1cs Around Us; Skﬂ]s and Apph-
S cat1ons Grade - 5,,,«page 299 Reproducecf with permission. ‘ s

5 ’

‘” ' . v ) / . L R . ] , s . ] - “. v
| . . . . i
‘l.. '.l' Diagdnais ot Polygons

" Mr. Le Blanc's class recorded the numiber of dlaQonals
v that certain polygons have.

o

3 sides 4 sides | 5 s’idgs 6 sides 7 sides 8 sides

Number : : '
¢ of '

) sides - B ’ X | § ;
Number . R . | ' . ' '
. of 0 2 , 5 7 9 L .

) ~ © |diagonals| , -
B} 7
/
Roger thought he could guess the next number‘
c, ) withoult drawing the diagonals. He guessed
‘» 01234&678910111213141516171819202122 :
o
) 1]
Il conbus . A patan
‘W 4 . J : -
g . . V] -
Was Roger's quess cofrect? ) se if-to answerllhese qugsllonsf R
) . 2. How many diagonals does !
- _ . ) ah B-sided bolygon have? N
e . . How many diagonais dpes
_ a 9-sitled. polygon have? ' o
- - ! -
R « 4. How many diagonals does ) .
> . . a 10-sided polygon h‘ave’? -
4 ¢
v ” & N
-
)
‘. “ i
r .
e - ! ’ &
. . - .
’ > > B 8
P
5 . .
'
| ‘ ”' . |
2
. 5 - .
o 5 B
e .

ERIC

Aruitoxt provided by Eic:




S PAGEF 5 : S

Addison-Wes]ey Publishing Company, Investigating School Mathemat1cs, . '
Book 3 Page 306. Reprodu}d- with permission

~

Addition Division o o

Keop?ng in Touch with  Subtraction Story problems
- Multiplication

. ° N
1. Find the sums, products, quotients, and differences.

A 94 » 68 c 18 o 8 e 63 F 79 . .
+39 %3 - 52 +79 . x5 x 6 b \

PR vty St et —

e 27 u 56 v 65 9 93 - k 142 L 125 -
+88 . x8 +99 . o x7 =80 =52

m65-23 w~350+-7 .0350=5 '»540+:9 a120+3

. S - P , .
2. Tell what operdtion (+, -, x, +).you think of for: \)
, A" putting 2 sets together and hndmg the total number.

» ' finding how many are left after some have been taken awvay.

¢ finding how many sets of a certain size we get from a set. )

o finding how many in a certain number of rdws of the same number, . 3

E hndmg how many more one set has than another, : . ‘

¢ finding how many ‘ways we can paar ob;ects in 2 sets, . ’

o finding how many rows wien we put a set ' o

into rows having the same number,

3. Solve the equations. s ' oL ",
n+6=11 - M - P .

8+ n -

3xn

15 Alrain thatis 1 mits -~ * ,
18 " long is traveling 1 mile - ‘
. n
n %8 =24 oms it vaks s i
50 ~ 5= n 10 pass through a 2-mile
8-n =6 tunnel ? )
10 - l! - 2, ’
42 - n ~ 6
ni-8:x=6
n‘=6=5 . ‘| - >
184+ n 24 : = — .

oo

0

X & - T ™" Mmoo O B >

- R 300 . !

(997 BN
~3

Aruitoxt provided by Eic:




‘ | . " REFERENCES

)

The literature on probiem solving is vast and rapidly exbanging. We
have listed a few items which may serve as an entry into the field.

George Polya is the acknowledged master of mathematical problem solv-

ing. His most accessible book is

kN

How to Solve' It, 2nd edition, Princeton, New Jersey: Princeton

UﬁTVersity Press. 1957.

w
-

His other works on prob]em‘so]ving include .

Mathematics and Plausible Reasoning, two volumes: Introduction
and Analogy in Mathematics (Vol. T) and Patterns of Plausible

Inference (Vol. » Princetony New Jersey: Princeton Univer-
sity Press, 1954. . o '

Mathematical Discovery: On Understanding, Learnidg, and Teach-
~ irg Problem Solving, two volumes, New York John WiTey & Sons,
‘ Inc.., 1962 (Vol. 1), 1965 (Vo1 II1). ' ,

Other references:

NCTM. Mathematical Thinking, Unit 6 of Experiences in Mathematical
Discovery. Washington, D.C.: NCTM, 1971.

Seymour, Dale and Margaret Shedd. ' Finite Differences: A Problem
Solving Technique. Palo Alto, California: Creative Publica-
tions, Inc., 1973. : - '

Walter, Marion I. Boxeglisqgares -and Other Things. Washington,
D.C.: NCTM, 1970

~

Butts, Thamas. Problem Solving in Mathematics. Glenview, I1Tinois:
Scott Foresman, 1972.

N ) Al
e There are many excellent collections of problems. One of the ¢
classics s the following collection by Dudeney:

. Dudeney, H. E. Amusemgnts in Mathematics New York: Dover Publi-
cations, 1958.
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Several of the books listed below contain ref%rences to other sources.

Frohlichstein, Jack. Mathemaéical thg Games, and-Puzzles. New °
York: Dover Publications, 1962., . . L

Gardner, Martin. Scientific American Book of Mathematiba] Puzzles -
and Diversions. NeyﬁYork: Simon and Shuster, 1959.

Gardner, Martin. 2nd Scientific American Book of Mathematical
Puzzles and Diversions. New York: Simon and Shuster, 1961.

Ranucci, Ernest R. Four by Four. Boston: Houghton Mifflin Co.,
1968. : ‘ : :
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REQUIRED-MATERIALS

ACTIVITY - . HANDOUTS E ' OTHER MATERIALS (OPTIONAL)

Perspectives - ' : 7 metal or plastic notebook rings per group.

0

Handout for Strategy 1 Rectangular grid paper, commercial Tower of
(available in the Instructor's Hanoi puzzles and/or disks-or blocks which
Manual). ) could be used for that purpose, 8 x 8 square
grids and sets of 1 x 2 tiles.

Handout for Strategy 2 Straightedges or rulers.
(available in the Instructor™s .
Manual). . . -

Handout for Strategy 3 ' . 4 pennies or counters per student, compasses
(available in the Instructor's, and rulers, blocks or markers in four colors.
Manual).

- o

T

Blocks or markers in three colors or sizes,
several cubes on which numbers can be marked,
‘marbles or blocks for building a triangular.
pyramid, pennies and dimés or counters in two .
colors, rectangular grid paper.

B
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The units of the Mathematics-Methods Program were developed by the Mathematics Education
Development Center under a grant from the UPSTEP program of the National Science Foun-
_ dation, The writing of each unit was supervised by Professors LeBlanc, Kerr, or Thampson.
Suggestions for and reactions to each unit were received from several members of the Centeras
well as from consultants, The list of authors for each unit represents those individuals whose
contributions were substantial. LeBlanc and Kerr refined and edited each unit.  * .
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This unit integrates the content and methods components of

* the mathematical training of prospective elementary school .
teachers. It focuses on an area of mathematics content and on
the methods of teaching that content to children. The format.

of the unit promotes a small-group, activity approach to leam-

ing. The titles of other units are Numeratjon, Addition and
Subtraction, Multiplication and Division, Rational Numbers
with Integers and Reals, Awareness Geometry, Transforma-
tional Geometry, Analysis of Shapes, Measurement, Graphs:
The Picturing of Information, Number Theory, and Probability
and Statistics.
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